Introduction
Throughout this paper, G is assumed to be a simple graph with vertex-set V (G) and edge-set E(G). A matching M of G is a set of independent edges, and it is called perfect if every vertex of G is incident with an edge in it. A graph G with at least 2n + 2 vertices is said to be n-extendable if it admits a matching of size n and every such matching can be extended to a perfect matching of G. The concept of n-extendable graphs, introduced by Plummer [13] , originated from the extensive study of elementary bipartite graphs and matching-covered graphs (i.e., 1-extendable graphs). So far, many results have been obtained concerning n-extendable graphs. In particular, there have been studies of how the property of n-extendability intersects with such other graph parameters as genus [6, 14] , toughness [15] , the investigation of the behavior of matching extendability under the operations of Cartesian product [8] and lexicographic product [5] , the relation of extendability and factor-criticality [7, 20] , amongst others. E(m, n) properties for various values of m and n were studied [16, 17] . Later, the E(m, n) properties of graphs on surfaces were considered [1, 2, 10] . The forbidden E(m, n) property for a graph on a surface and the confined E(m, n) property with the fixed connectivity in graphs with small genus were particularly studied. Recently, Aldred and Plummer proved that every 6-connected even graph embedded on the torus or the Klein bottle is E(1, n) for n ≤ 3 and E(0n) for n ≤ 5. They believed that the results are not the best possible. In this paper, we confirm their belief by proving the following theorem. 
To keep the recursive relation that E(m, n) implies E(m − 1, n), there is the restriction of the number of vertices in the definition of E(m, n), that is to say, if G is E(m, n), then G initially must be with |V (G)| ≥ 2m + 2n + 2. Actually, in the special case considered in this paper, we will show that the additional pair of vertices is not necessary, which will be seen in Theorems 3.6 and 3.7.
Preliminaries
In this section, we first prove that a 6-connected graph G on the torus or the Klein bottle is minimally embedded. Next, we show that G is necessarily a 6-regular triangulation. Finally, the classifications of 6-regular triangulations on the torus and the Klein bottle are presented.
Lemma 2.1 ([11]). Let S be a surface with Euler characteristic χ (S), and let G be a simple graph embedded on S. Then the average valence of G is not more than
If χ(S) > 0, then there must exist a vertex of G which is of degree not more than 5 by Lemma 2.1. Hence a 6-connected graph on the torus or the Klein bottle is minimally embedded by the evidence that χ (S 0 ) = 2 and χ (N 1 ) = 1, where S 0 and N 1 are the sphere and the projective plane, respectively. (2, 1) , then G is a 6-regular triangulation. There was a classification of 6-regular triangulations on the torus even earlier, in 1973 [4] . To introduce the accurate classifying result, some notation is needed to begin with.
Lemma 2.2 ([2]). If G is a 6-connected even graph minimally embedded on the torus or the Klein bottle, then G is E(2, 1).

Lemma 2.3 ([2]). If G is a 5-connected even toroidal or Klein-bottle graph which is also E
For a graph G being a 6-regular triangulation on the torus, let L be a path in G, and let x be an inner vertex in L. L is normal at x if, of the four edges incident to x and not on L, two are on one side of L and the other two are on the other side of L. The path L is normal if it is normal at every inner vertex. It has been proved that one can get a normal cycle by producing a normal path in a ''normal'' manner as far as possible [3] . In [4] , it is shown that, if G has a normal cycle of length n, then G is isomorphic to a graph T 
. Here, and in the following, the subscripts are taken modulo n and the superscripts are taken modulo r.
In [4] , the author announced the following result in Theorems 2.1 and 3.2. 
m is defined as follows, according to the parity of r, and is shown in Figs. 3 and 4. When r is odd, for When r is even, for 2 Thomassen classified the Klein-bottle polyhexes into five classes in [19] . Li et al. reclassified the five classes into two regular classes [9] . By considering the dual forms of K (p, q, t) and N(p, q, t), one can easily get the classification of 6-regular triangulations on the Klein bottle. (It should be mentioned that there was a classification of 6-regular triangulations on the Klein bottle of an earlier unpublished manuscript, in 1984 [12] . The descriptions differ from each other in the forms but essentially are the same, and we choose the one that is more suitable for our application.) 
Proof of Theorem 1.1
The crucial point of the proof is based on the following lemma. Proof. For each member C in the family C , F ∩ C has at most two independent edges. Hence there are two independent edges in C − F which trivially cover the vertices of C . Running over all members in the family C , a perfect matching of G is obtained.
From the above lemma, it can be seen that all we have to do is to decompose the graphs into disjoint 4-cycle pieces. But for T v,r m , there is a trick that we can decompose it into larger pieces, pieces of triangulation of an annulus. Then by the use of some properties related to restricted matching extension of them, we can present a succinct proof for T v,r m . Now we give the accurate definition of a triangulation of an annulus, denoted by H n (see Fig. 5 ). In it, V (H n ) = {x 1 , x 2 , . . . , x n }∪{y 1 , y 2 , . . . , y n } and
where the subscripts are taken modulo n.
, we mean the resulting graph by deleting the edges in F (respectively, the vertices in S and the edges incident to S). If y 1 y 2 ̸ ∈ F and there exists an integer j such that y j y j+1 ∈ F , then either exactly one of j and j + 1 is odd or both j and j + 1 are odd (exactly in the case that j = n), and x j y j ̸ ∈ F . We suppose that j is odd. 
Proof. Let H
so H n does not contain a perfect matching M with e ∈ M and M ∩ F = ∅.
If F ̸ ⊇ F ′ , then there exists some integer i with x 2i y 2i ̸ ∈ F . Then H n − {x 1 , y 1 , x 2i , y 2i } can be covered by 4-cycles. Hence H n does contain a perfect matching M with e ∈ M and M ∩ F = ∅. Lemma 3.5. Let n be even, and let {e,
Hence a desired perfect matching can be found. Now, it is time to present the proofs of our main results. Because we mainly focus on the 6-connected graphs on the torus and the Klein bottle in this paper, in the following, T Proof. By symmetry, we suppose that e ∈ L 1 and e = a For r even and r ≥ 4, we consider the induced subgraphs L 1 and L 2 (see Fig. 8 ). For L 1 , similarly as before, we just need to consider the case that n is even and e = a
Proof. If r is even, then
}. Then L 1 has a perfect matching M 1 (which can be By the above lemma, we can fix an m to make our discussion more definite.
Let F = {f 1 , f 2 , . . . , f n ′ } be a matching of K By the above arguments, Theorem 1.1 holds.
